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S6 hoc - thuit toan

Ly thuyét s0, hay s6 hoc 1a linh vuc nghién ctru vé cac so nguyén. Trong tai li¢u nay,
chung ta s€ dé cap dén mat so kién thurc va cac thuat toan vé so hoc thuong gép, bao gom
tir nhitng van dé co ban.

1. S6 nguyén t6
1.1. Néu p la wée nguyén t6 bé nhat ciia n, thi p° <n
(n=pq, ma p < g, do d6 p’ < pq =n)

1.2. Thudt todn kiém tra tinh nguyén té
Tu 1.1. ta c6 thuat toan kiém tra tinh nguyén to cua mét so n, chay trong thoi gian
o(n'?):

function isprime(n): boolean;
begin
isprime:=false;
if (n<=2) then exit;
1:=2;
while (i*i<=n) do
begin
if n mod i = 0 then
exit;
inc (1) ;
end;
isprime:=true;
end;

1.3. Phan tich ra thira s6 nguyén té
Ciing tur 1.1., ta c6 thuat toan phan tich mét so n ra thira s6 nguyén to

procedure factor(n);

begin
1:=2;
while (i*i<=n) do
begin
if (n mod 1 = 0) then
begin
a:=0;
while (n mod i = 0) do
begin
n:=n div i;
inc(a);
end;
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inc (m) ;
prime[m] :=i;
power [m] :=a;
end;
end;
if (n>1) then
begin
inc (m) ;
prime[m] :=n;
power [m] :=1;
end;

end;

Thong tin dugc tra vé trong mang prime va power: primef[i], powerf[i] twong tmg cho biét
thira s6 va s mil thir i trong phép phan tich n ra thira s nguyén t4.

Luu y nhitng dong mau do: sau khi thuc hién cac phép chia, n c6 thé con 1a mét thira s6
nguyén t6 doc lap.

Day la phuong phap phan tich don gian nhét, duoc goi la phep thir chia. Trong trudong
hop x4u nhét, n 1a sé nguyén t6, thut toan chay trong thoi gian O(n'?)

1.4. Sang 6 nguyen 16
Khi can blet cac sO nguyén t6 dén mot pham vi nao do, vi dy tur 2 dén 10®, str dung sang
s6 nguyén t6 Eratosthenes s& hiéu qua hon vé thoi gian.

Thu tyc sau tao sang s nguyén té tir 2 dén N:

procedure sieve (n);

begin
fillchar (p, sizeof(p), true);
for 1i:=2 to n do
if (pl[i]) then
begin
Ji=1i4+i;
while (j<=n) do
begin
plj]l:=false;
Ji=j+1i;
end;
end;
end;

Thong tin tra vé trong mang p: p[i] = true néu va chi néu i 1a s nguyén 0.

Ban c6 thé udc lugng thoi gian chay ciia thudt toan sang Eratosthenes 1a O(nlogn), ta sé
de cap dén mot s6 udc lugng can thiét & nhitng phan sau.
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1.5. Uéc luong so so nguyén to
Ki hiéu m(n) 13 sb s6 nguyén t6 bé hon n. Pay 1a mot udc luong twong dbi tot va ngin gon
cho m(n):

n(n) = n/In(n)
Vi duy, n(10%) =~ 10°/In(10°) = 72382

Con s0 nay s€ gitip cho viéc udc lugng thoi gian tinh todn cho céc bai toan lién quan dén
sO nguyén to

1.6. Bai tdp

Cho mot diy sb nguyén duong n phan ti: aj, ay, ..., a,
Diy con ciia ddy s6 1a ddy nhan dugc sau khi x6a di mot s6 phan tir nao d6

Yéu cau: Tim day con dai nhat, sao cho tong cuia hai so lién tiép 1a s6 nguyén to

Input:
NTI1.IN

Dong 1: n
Dong 2: n s6 nguyén duong, aj, ay, ..., a,

Output:
NT1.0UT

Dong 1: dg dai cua day con tim dugc

Gi4i han:
e n<=10*
o 3, <= 10*

2. USCLN, thuat toan Euclid
2.1. (a, b) = (b, a mod b)
That vay, tir dang thirc
a=bq+r.
voéir=amodb
Ta thdy moi udc chung d cta a, b ciing 14 udc chung cia b, r. Do d6 (a, b) = (b, 1).

2.2. Thuat toan tim USCLN

Tir 2.1, ta ¢6 thuét toan Euclid tim USCLN cua a va b, viét dudi dang d¢ quy:
function gcd(a, b);
begin
if (a<b) then
gcd:=gcd (b, a)
else if (b=0) then

Version 1.0.0



Tai liéu cho doi tuyén tin PTNK 19/06/2007

gcd:=a
else
gcd:=gcd (b, a mod b);
end;

Vi a, b <n, ban c6 thé udc lugng thoi gian thuc hién thuat todn vao khoang O(log;on),
tire 1a ti 1€ v&i sO chir sO cua n.

2.3.
Néu (a, b)=d, thi tén tai hai s6 nguyén x, y sao cho
ax+by=d

2.4. Thuat toan Euclid mo rong )
Thuat toan Euclid mo rong s tim USCLN d cua a va b, dong thoi tim dugc ca hai so
nguyén X, y trong phan 2.3

Thuat toan Euclid mé rong co thé dién dat bang dé quy nhu sau:

procedure ee(a, b, var x, var vy);
var

X2,Y2;
begin

if (a<b) then

ee(b, a, x, vy)
else 1if (b=0) then
begin

1;
0;

X
Vv
end else
begin
ee(b, a mod b, x2, v2);
X:1=y2;
y:i=x2-(a div b)*y2;
end;
end;

Giai thich:

Tir 2.1, ta dé biét (a, b) = (b, 1) =d

ee(a, b, var x, var y) trd vé gia tri X, y sao choax + by =d
Dong 1énh mau do chay thu tuc dé quy: tim x», y; sao cho:

bx, + Iy, = d
Mat khac:
r=a-bq
Véi
r=amodb
g=adivb
Do d6
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bx, + (a-bq)y. =d
ay» + b(xa —qy2) =d
Vay
X=Y2

y=X2—4y2
Céu truc dé quy cua thuat toan Euclid mé rong ciing twong tu nhu thuat toan Euclid.

2.5. M{t s6 tinh chat

Gia s
a= p1a1p2a2mpkak
b= plblpzbz-..pkbk
Dinh nghia:
USCLN: (a’ b) — plmin(al, bl)pzmin(aZ, b2)mpkmin(ak, bk)
BSCNN: [a, b] _ plmax(al, bl)pzmax(az, b2)mpkmax(ak, bk)
Tinh chat:

e (a,b)x[a,b]=ab
* (a,b,c)=((a,b),c)=(a, (b, )
* [a,b,c]=[[a, b],c]=[a, [b,c]]
Chuy:
e Khong co dang thic (a, b, ¢) [a, b, ¢c] =abc

2.6. Bai tap

Cho day s6 nguyén duong n phén tir aj, a, ..., ap.
Yéu cau:

Tim déy con lién tiép dai nhat c6 USCLN > 1

Input:
NT2.INP

Dong 1: n
Dong 2: n s6 nguyén duong, ai, ay, ..., a,

Output:
NT2.0UT

Dong 1: d6 dai cua day con tim dugc
Gidi han:

e n<=30000

o 0<a <=32767
3. PT, HPT dong duw

3.1. Nghich dao
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Trd lai véi thuat toan Eulcid mé rong:
Gia st ta thuc hién ee (a, m, var x, var y)
Trong trudong hop (a, m) = 1, ta thu dugc gia tri x, y sao cho:
ax + my = 1
Hay
ax =1 (mod m)

19/06/2007

(a, m) =1 < 3Ix, ax = 1 (mod m)
x duoc g()i 1a nghich ddo cta a theo modulo m, ky hi¢u a’
D¢ tim x, ta sir dung thuat toan Euclid mo rong

3.2. Phuong trinh dong dw bdc nhdt
ax = b (mod m) (3.2)

3.2.1. Truong hop (a, m) =1

Theo 3.1.3a™", aa™ = 1 (mod m)

Do d6 aa™'b = b (mod m)

Dit x = (a”'b) thi x 1a mot nghiém cia (3.2)

Gia st ton tai x°, sao cho

ax’ =b (mod m)

Suy ra ax = ax’ (mod m), ma (a, m)=1
Suy ra x = x’ (mod m)

Vay x = (a'b) 1a nghiém duy nhét cua (3.2) theo modulo m

3.2.2. Truong hop (a, m)=d
Néu d khong 12 wdc ctia b, hién nhién (3.2) vo nghiém
Néu b | d, xét phuong trinh:
(a/d) y = (b/d) (mod (m/d))
Ta c6 (a/d, m/d) =1, do d6 theo 3.2.1.
y=(a/d)’ (b/d) (mod (m/d))
bat
yo= (a/d)” (b/d)
(3.2) c6 d nghiém:
X¢ = yo + t(m/d) voit=0,1,...,d-1
theo modulo m

3.3. Binh Iy phan dw Trung Hoa
Néu
X =a; (mod my)

X = a; (mod my)

X = a, (mod my)
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va mj, my, ..., m, d6i mét nguyén tb cung nhau thi x dugc xéac dinh duy nhét theo modulo
M =mmy,..my:
X =ajbic; + abyey + ... + agbpcy (mod M) (3.3)

Trong do
Ci— M/ ai
b;= c{l (mod a;)
Phuong phap dé tim cong thire (3.3):
Xéttruonghgpay=az=....=a, =0
Can tim X1

X1 = a; (mod my)
x; =0 (mod my)

x; =0 (mod my,)
Ta sé tim duoc
X| = a1b101 (mod M)
Tuong tu, lai xét truong hgpa; =az;=...=a,=0
X = azbzcz (mod M)

7 , Xpn = anbpc, (mod M)
T6 hop cac két qua lai ta thu duge cong thire (3.3), phuong phap nay dugce goi la phuong
phap chong.

4. Phép chia hét
4.1. ’
So cac so nguyén duong khong vuot qua n chia hét cho d:

il

hay
ndivd
4.2. Ubc s6
Gia su
n= plalpza2mpkak
42.1.86 wéc

v(n)=(a, +1)(a, +1)..(a, +1)

4.2.2. Tich cac woc

Hd — nv(n)/2

That vay, viét n dudi dang tich hai thira so:
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dd'
d,d',

n=
dd',

Do do
nv(n) — (H d)Z

Hd — nv(n)/2

hay

4.2.3. Tong cdc wéc
Aa[+l _1
o(n) = Hp’—l (4.2.3)
i P~

That vay: néu (a, b) =1 ta cm dugc
o(ab)=c(a)o(b)
Do d6
o =[Top")

Ma

p<ai+1 _1

O-(pia,)=1+pi+pi2+"'+piai == 1
pi—

Tur d6 thu duoc cong thuc (4.2.3)

5. S6 Fibonacci
5.1,. Cach tinh nhanh F,
Viét dudi dang tich hai ma tran:

o 1 |F.| |F,
X =
1 1 F:1 F:H—l
bat
0 1
A:
11
| |A
V= =
A
Ta c6 cong thuec:
n-1 E1
A" v = (5.1)
Fn+1
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Ma A™ ¢6 thé tinh trong thoi gian O(logn), do d6 cong thirc (5.1.) cho phép ta tinh F,
trong thoi gian O(logn)

5.2. Mot s6 két quia thii vi

5.2.1. UCLN cua Fy, F,
Cong thuc Lucas:
(Fma Fn) = F(m, n)

5.2.2. Xac dinh mot s6 ¢ phai la s6 Fibonacci
Gessel (1972): ’ ) )
n 1a s§ Fibonacci néu va chi néu 5n” + 4 hodc 5n® — 4 1a sé chinh phuong

5.3. Biéu dién Zeckendorf

5.3.1. DBinh ly Zeckendorf: L ’ i )
Moi s6 nguyén duong déu dugc bi€u dien duy nhat dudi dang tong cac s6 Fibonacci,
trong d6 khong c6 hai s6 Fibonacci lién tiép, nghia la dudi dang:

n==§:akf1
P

Vo1
ax,=0hodca,=1
va
akay+ =0
5.3.2. Vi du:
100=89+8+3

5.3.3. Thuat toan
Tim biu dién Zeckendorf, hay con goi la biéu dién dudi dang co s6 Fibonacci cta n:
while (n>0) do
begin
f 1la sé fibonnaci 16n nhit khéng vuot gta n;
chon f vao biéu dién;
n:=n-1f;
end;

hay ta c6 thé cai dat nhu sau:
for i:=max downto 1 do
while (F; <= n) do
begin
chon Fy;
n:=n-F;;
end;
v6oi max 1a chi s6 16n nhat cua s6 Fibonacci trong gidi han 1am viée

Tinh dung dén:
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Thuat todn tham 5.3.3. s€ khong bao gio chon hai s6 Fibonacci lién tiép, that vay, gia st
thuat toan chon F,_j, F,» vao tong, thi do ta di qua danh sach s6 Fibonacci theo thir tu
giam dan, thuat toan at da chon F, = F,,; + F,, thay vi F,1, Fy

5.4. Bai tap:
5.4.1. http://acm.uva.es/p/v9/948.html

6. Tham khao

Trén day chi la mot s6 van dé vé sd hoc - thuit toan thdi, cac ban nén tim hiéu thém, tir
bat ky ngudn nao, internet, sach vo. Néu c6 nhiing van dé, nhimng bai tap hay, hiy dong
g6p lai cho moi nguoi!

Mot sb nguén dé cac ban tham khao thém:
Concerte Mathematics — A Foundation for Computer Science

Mathworld
Wikipedia
Thuat ngir, ghi chu
1.

SO nguyén t6 ) PRIME

Kiém tra tinh nguyén t6 PRIMALITY TEST
Phan tich ra thira s6 nguyén to PRIME FACTORIZATION
Sang SIEVE

C6 rét nhiéu thuat toan kiém tra & phén tich ra thira s6 nguyén t6 hiéu qua hon, tuy nhién
nhitng gi ching ta trinh bay la nhirng thuat toan don gian nhat, s¢ st dung trong céc bai
tap va ki thi.

1.5. Xem PRIME NUMBER THEOREM

2.
USCLN Greatest Common Divisor (GCD)
Thuat toan Euclid Euclidean Algorithm
Thuat toan Euclid mo rong Extended Euclidean Algorithm
BSCNN Least Common Multiple (LCM)

2.1. V& thoi gian chay cua thuat toan Euclid, xem thém LAME’S THEOREM
2.3. Xem thém BEZOUT’S LEMMA

3.
Phuong trinh dong du Congruence Equation
Dinh 1y phan du Trung Hoa Chinese Remainder Theorem
5.
Bicu dién Zeckendorf | Zeckendorf Representation
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