Solution to the homework 3 GTS211

1. Find and use a special integrating factor to solve
@ (x*—x+y)dx—xdy =0

Solution

First, check the exactness of the equation, let M = x* —x +y, N = —x
oM oN
-ttt

The equation is non-exact.
Find the integrating factor,

Suppose we have integrating factor f(x),

fx) = ef%(%_g_z)dx _ JJF-(D)ax _ -2

Multiply both sides by integrating factor,
1
x72(x* — x + y)dx —;dy =0
Since the equation is exact, we have
Fo,y) = [x72(x* —x + y)dx + g()

1
Feoy) = [x* =+ Zdx+g(©)

F(x,y) = "; —In(x) =2+ g(¥)

oF _ -1 , _ -1
3 = —t9' 0=~
g =0

g) = [0dy+c
gy =c

The equation becomes
x—3—ln(x)—z—c =0
3 x -
Rearrange the equation,

x4—
y=5- xln(x) — cx



(b) (2xy)dx + (y? —3x3)dy =0
Solution
First, check the exactness of the equation, let M = 2xy, N = y? — 3x?

oM ) oN
dy
The equation is non-exact.

Find the integrating factor,

Suppose we have integrating factor f(x),

1/(0M ON 1
Flx) = efﬁ(W‘W)dx _ Jyrma (2 (-ex)dx

The integrating factor f(x) does not work. Let integrating factor to be f(y),

1(0ON OM 1
Fo) = o/ilarm) = Jagtorzo _

Multiply both sides by integrating factor,
y~*Qxy)dx + y~*(y? —3x%)dy = 0
Since the equation is exact, we have
FCo,y) = [y~ *Qxy)dx + g()

F(x,y) = fi—’;dx +90)

Fy) = S+ 90)

OF _ —3x? ' _ y*-3x2
E - y4 +g (J’) - y4.

, 1
9y = 7z

1
9O = [z dy+c

1
gy = 7+C

The equation becomes

x2 1
—=—=-+c=0
y y



(@) (xy+y?)dx —x%dy =0
Solution

Rearrange the equation,

dy _ xy+y2: y .,y
dx x2 X

_Y _
Letu = SXuU=y
Take the derivative respect to x both sides,

Ut = , Substitute this into the equation,
dx dx

du )
u+x—=u+u

dx

du

2
xdx u
1
—Zduz—dx

Integrate both sides,

1 1
f—du= —dx+C
x

u2
L In(x) +C
o =InCx
X @) +C
— =In(x
y
_ —X
y= In(x) + C
(b) (y? —xy)dx + x?dy =0
Solution
Rearrange the equation,
dy _xwy-y'_y ¥
dx x? x x2

Same solution as (a), at last we have,

du )
Uut+tx—=u—u
dx

du_

2
X— =
dx

—u



—du = —dx
u X

Integrate both sides,

-1 1
f—zdu = | —dx+C
u X
1
—=In(x)+C
u
X
—=In(x)+C
y
_ X
Y= o) +cC
W _ 2
(© Z=(x-5y+2)
Solution
Let z = x — 5y + 2, and take derivative respect to x
dz —1_¢ dy
dx dx
1 dz
dy __ &
dx 5
Substitute into the question,
dz
i 2
5
dz
— =1-522
dx z
dz p
1—5z2 X

Integrate both sides,

Flndf1 =
1 . _ 1
Letz = EsmH,dz- \/gcosedﬂ
dz _ \/_cost9d9 B 1 cosOdo _ 1 cosOdo
1—-522 1—5(—55in9)2 V51 —sin?0 \/—(COSH)Z

1 1
= —In(sech + tanf) = —In(sech + tand)

V5 V5

f —secOdo



A . . _ 5z
From sin 6 = /5z, construct the right triangle, we have tan 6 = Nl

f dz 11 (1+\/§Z>
—_— = —n| —/—
1-5z2 5 \V1-522

1 (1+\/§Z>_

iln<1+\/§(x_5y+2)>—x+C
V5 \J1-5(-5y+2)?/

After the very huge rearranging the term, we have

1 1_62\/§x+2C x 2
y:5\/§<1+e2\/§x+zc>+§+§
1 x 2
= ———tanh (V5x+ C) + = + =
y N ( ) ot
dy _ . _
(@ & = sin(x - )
Solution
oy @Ay av
Letv = x y'dx_ dx'dx_1 dx’
v
dx—smv
dv_l ]
i sinv
dv _d
1—sinv x
dv
f—. =fdx+C
1 —sinv
dv
[ a———
1—sinv
- dv
Fmdfl—sinv

f dv __[( 1 )(1+sinv)d _f1+sinvd _f
1—sinv 1—sinv/\1 +sinv vE 1—sin2vv_

1 sinv
= j +——dv = fseczv dv + J. sec(v) tan(v) dv = tan(v) + sec (v)

cos?v = cos?v

tan(v) + sec(v) =x+C

1+ sinv
cos?v

dv



sin(x —y)+1

=x+C
cos (x—y) *
av _ . _ ,2x,3
(€ .~ y=e"y
Solution
Divide both sides by y3
1dy 1 _ o
y3dx y?
— 1 aw_ -2dy 1 dy -1.dw
Letw = y2’'dx = y3dx’y3 dx 2 (dx)
—1dw
—Law e«
2 dx w=e
dw_l_2 oy
= w=e

(e?* = 2w)dx —dw = 0

First, check the exactness of the equation, let M = e?* — 2w, N = —1
oM oN
ow - Pox !

The equation is non-exact.

Find the integrating factor,

Suppose we have integrating factor f(x),

1(0M ON
flx) = efﬁ(m‘ﬁ)dx — ef_%(—Z—O)dx — p2x

Multiply both sides by integrating factor,

e?*(e? — 2w)dx —e**dw =0
Since the equation is exact, we have
F(x,w) = [e*(e?* —2w)dx + g(w)

F(x,w) = [e** —2we? dx + g(w)

4x
F(x,w) = eT —we?* + g(w)

a_F — __p2x ! — _,2x
g =0

g) = [0dy+c



gy =c

The equation becomes

edx ox
T_We +C=0

Substitute the value of y

¢ 4t C=0
4 y? -
2
2 ex
y Py
- tC

d 1
() o+ 57 = S — 2y

Solution

dt 1 dy

Lett =y, 5r = 2y dx

From the question, rearrange by dividing both sides by y%,

14, 5

\/}E-FEZS(X—Z)
dt+ =5 2
dx x—2 (x=2)

(5(x—2)>—t)dx —2(x—2)dt =0

First, check the exactness of the equation, let M = 5(x —2)? —t, N = —2(x — 2)
oM ON
- Vox

The equation is non-exact.

Find the integrating factor,

Suppose we have integrating factor f(x),

1(0M ON 1

f(x) = efﬁ(ﬁ_a)dx = ef_z(x_z)(—l—(—Z))dx = efﬁdx = —
4 —2x

Multiply both sides by integrating factor,

1 2
5(x —2)%2 —t)dx —
4—2x(( ) ) V4 — 2x

Since the equation is exact, we have

(x—=2)dt=0

2
F(x,t) = f—m

(x—2)dt + g(x)



2t
V4—-2x

F(x,t) = 2-x)+gkx)= tv4d—2x

aF_ -t ' _ 1 _ 2 _
- m t9) = G5 6E-2)7-1

Multiply both sides by v4 — 2x
—t+g'(x)=(Gx-2)?%-1

g'(x) = 5(x—2)°
gx) = f 5(x —2)%dx +C
90 = 2 (-2 +C
Hence, we have the equation,

5
t\/4—2x+§(x—2)2+C=0

5
ﬁv4—2x+§(x—2)2+6=0

G240y

Y 4—2x

(9) ,(h) have similar solutions as 1.(a) and 1.(b)

Solution

d
£= 2§+cos(;—2)

d dv
Lety = vxz,é = axz + 2xv

Yot b o =200+ ()
dxx XU = 4LXV + cos(v

dv dx

cos(v) x2

dx
fsec(v)dv= J.—2+ c
X

In(sec(v) + tan(v)) = — % +C

Si?’l(;—z)-l-l —1+C






